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Example 5.2.3
As shown in Exercise 2.1, the transfer function of the servo is
L _ o
G(s)=f(—.rs £ K =30, T=0.se
with corresponding discrete transfer function
., Koz — By
HE = =t
At a sampling rate of 100 msec, the transfer function is approximately
_ _0.2(z | 0.885)
HE = e —oem
The corresponding DARMA form follows immediately and is given by
Ht) = L6Tp(r — 1) — 0.6 — 2) + 0.2u(r — 1) + 0.18a(r — 2) (5.2.249)
28
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Mow due to the time required 1o eval
the technigue inherent in the devell nt of the predictor equation (5.2.5) 1o replace
f — 1) on the right-hand side of (5 2 “This can be done by simply
substituting for p(r — 13 on the right-hand side of (5.2.24).

The resulting model now takes the fellowing equivalent Torm:

e an input signal, it 15 necessany o we

M =2tr D -1 FOSLe — 2 + O0dulr — 33

¥ 1)
We then use the weighted one-stcp-ahead cost function

o 1) -f—'m_r; wlr - N2 15,2.15)

. I
Hipy = g [+ 1)
The control minimizing (5.2 25) is

D% | 1) 2Aps — 13 4+ LU = 2y — 05lair — 1)

wir) 7
" Wi+

The control law above was implemented on @ servo kit an on-l
wilh sampling rate 100 msec, The sampled response
10 sec, was then obtained for different values of A, ($ee Figs.
[ ihe controller depends rather critd

compuler

*ir), o squane wave of pes
L 3) Mote 1t

Iy on having the correct val
2.4, The pr
18 OO

performanc

stion
g 5.2, 10 5.2.3 can be explained

the discussion later 2 mature

CUS ATRLE-

the system params

of the responses shown in

Figure 5

ments to roughly find the location of the closcd-loop poles for different valu

see also 1l ple i Section 5.4
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Figure 5.2.2 Response for 4 = 0.5.
Upper trace, output; lower trace, input.
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Example 6.3.1
The algorithm above [with a(r) = 1] has been implemented on an on-line computer and
tested on the servo kit described in Example 5.2.3.

Figure 6.3.1 shows the sampled output response during the initial training of the
adaptive controller on startup (with the servo gain set to 50%; and [y*()} a square
wave of period 10 sec), It can be seen that nearly perfect tracking is obtained after one
period of y*(1).

Figure 6,3.2 shows the effect of a sudden large change in the system parameters.
The controller was first tuned with the gain set to 10%,. Then the gain was increased
by a factor of 6 to 60%,. It can be seen, from the figure, that the controller tuned at
10%; gain is quite unsuitable for operation at 60% gain, but that retuning of the con-
troller to give near perfect tracking occurs in approximately one period of {y*(n}.

The reader’s attention is drawn to the results in Section 5.4 which show that the
continuous-time Tesponse resulting from one-step-ahead control of a lightly damped
system is rather unsatisfactory! In fact, nearly 50% overshoot is observed on the con-
tinuous-time response for their example independent of the sampling interval. Thus
one-step-ahead control is not recommended for lightly damped systems such as a servo

system.
ey

i Servo kit turned on hare
Dutput
Ingeat
Figure 630 rili
adaptive coatrolle
Output
Remark 6.3.3.  An important practical point is that with any large ¢
system paramciers or in | 7)), large input signals can be called for by the algorithm,
In this case, the controd law (6.3.10) can be modified as follows. Put
. 1 i
e 113 1 (1 R X741 ’
o o Db 1)
L T T R O (||
W) 2 by put wle) — wiie)
= Ui Pt () =
T 4] = bty putuli) = g,
where u,,, and w.,, are specified minimum and maximem inpust levels.
[ufr)} be use dband not [a(e)]? IF afir]] is used,
Lemma 3.5.2 remains valid for the algorithm with saturated inputs, The proof of 42

Thearem 6.3.1, however, no longer applics and thus global convergence of the adaptive

21
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gj+1,j+i :gj,j+i +fj,0bi ! =Oa-~'anb 58
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Y +d+1t) =G, Au@)+F,,,y(t)
P +d +2)=G, ,Au(t +1)+F,,y ()

Y +d +N[t)=G, yAu+N —-1)+F, v ()

59

gl (oo AL ) Dygeo 4 AS

Yy =Gu+F(z ")y @)+G (z HAu( -1)

Where,

Yt +d +1]t)
| Y@ +d+2))

Y(t+d+N )

8o 0
G = g.I glo
v v

FE)=[FaE" -

Au(t)
Au(t +1)
Au(t+N -1)
0 (Gd+1(z_l)_g0)z
Gz "= Gz H-g,—giz7)z?
&o (Gdﬁv(z’l)_go_glzfl_...gNilz—(Nfl))ZN

_ _ 7
FinG™") FyGEh]
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4.3 The Coloured Noise Case

When the noise polynomial €(: ") of Equation (4.1) is not equat to 1 the pre-
diction changes slightly. In order to calculate the predictor in this situation,
the following Diophantine equation is solved:

") = Ei(e AR + 2 Ey (7Y (4.11)

=§A(z)) - 1.

with8(E;(27 1)) = j ~ 1 and 6(F, (27"
»~'})27 and using (4.11)

Multiplying equation (4.1) by A

Ol Y ult 5= Bz De(t4+)) = Ejlz Bl bt Hj=1)+ Fy (=" y(t)

As the noise terms are all in the future, the expected value of the left-hand
side of this equation is:

EIC(z" D {y(t +5) - Ej(z Ne(t+ 50 = Clz"yg(t + 4it)
The expected value of the output can be generated by the equation:
G- i) = BB e+ j— D)4 Fy(= () 332)
Notice that this prediction equation could be used to generate the predic-
tions in a recursive way, An explicit expression for the optimal j step ahead
prediction can be obtained by solving the Diophantine equation
1=CE"NM;(z ) + 27 N, (7Y 4.13)

with §(M;{z"1)) = j - 1 and SN (271 =8(C{z7Y)) - L.
Multiplying Equation (4.12) by A, (> “1y and using (4.13),

(40 = ME; (=B ) Al -1+ M (=7 DE (™ g )+8, (2 i)

which can be expressed as

65

PE+ilt) =G Ault+7 - ) +Gp(z") Au(t+5 - 1)
+ (M2 F (271 4 N (7 ()
with 8{G(27!)) < 4. These predictions can be used in i i
(=7 2 the cost
can be minimized as in the white noise case. cost function which

Another way of computing the prediction is by consideri i
signals from the plant input/output data Y considering the filiered

¢ 1
Y (t) = m?f”—) W () = (T(zl—‘l)“m

so that the resulting overall model becomes
AT () =Bl (1) + E‘g‘)

and the white noise procedure for computin, icti

i i ; g the prediction can be used. The
predicted signal §/(# + jjt) obtained this way has to be filtered by C(z1}in
order to get §{t + jlt).
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4.4 An Example

In order to show how a Generalized Predictive Controller can be imple-
mented, a simple example is presented. The controller will be designed for a
first-order system for the sake of clarity.

The following discrete equivalence can be obtained when a first-order
continuous plant is discretized

(14 a2 y(e) = (By + bz Vult - 1) + f.fﬁﬂ

In this example the delay d is equal to 0 and the noise polynomial C'(z~ 1) is
considered to be equal to 1.

The algorithm to obtain the control law described in the previous section
will be used on the preceding system, obtaining numerical results for the
parameter values a = ~0.8, by = 0.4 and b, = (1.6, the harizons being Ny = 1
and Ny = N, = 3, As has been shown, predicted values of the process output
over the horizon are first calculated and rewritten in the form of Equation
(4.6), and then the control law is computed using Expression (4.9).

Predictor polynomials £;(z "), F;{(z=1) from j = 1 to § = 3 will be cal-
culated solving the Diophantine Equation (4.3), with

AET) = Az -2l =1-1.8:"1 408277

In this simple case where the horizon is not too long, the polynomials can be
directly obtained by dividing 1 by A(z~!) with simple calculations. As has
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been explained earlivr, they can also be computed n-tllrlsi“.-ly, starting with
the values ebtained at she first step of the division, that is:

Efz"1=1
Whatever the procedure employed, the values obtaimed are:

=1+ Lue=? Fy =244 - Lade!
Ei=1+ 187" +204:7% F 271

With these values and the pelynomial Bi=" !, the values of

Gifz ") are

Gy = 0440827
Gy o= 04+ L ‘ )
Gy o= 0441322 1+ 20667 + 1464277

and 5o the predicted vutputs can be wiitien as:

[;u‘r +1]¢) o4 00 At}
=zl = (132 04 0 || Aty
Lit+31n)  laoss1a20a] [Auts

[ 0.0 Sult ~ 1)+ L8u(H)

108 & ult =1} +
LAGS & ulf = 1) 4

The following steg is to caleulate H7b. T A is taken as equai to 0.5

0135 0286 0047
3G+ AT = [ 005 0,165 0.286
© ~O020 <150 0,13

As only Anif) s needed for the valoulations, only the first row of the matrix
i used, pitaining the fallawlsyg vxpression for the control Jaws:

~ 1} = 1.3T1g{th + 0605y =1}
A DTt + )

At} = 060 2l
(t +

+ 0.
where wit + 1) is the reference trajectory which can bﬁ(\)l?.ﬁidl‘ﬂ'ﬁ c:m._:;::r:]r
and &qu.'-\ to the current setpoint or a fim«onje_r approach o l‘he c::j y
valug. Then the control signal is a function of this desired reference and o
past inputs and outputs and is given by:

w(t] = 0.5t — 1) + BBt~ 2) - LITI(0) + 080500 - 1)
£ 0433w(k & 1)+ 0,286t + )+ 0147wl + 3] (3149
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Fig. 4.2. System response

Simulation results show the behaviour of the closed-loop systcrr'; I: t:z
first graph of Figure 4.2 the reference is constant and equal to L :;\n 1? e
m:m{\%dic?ne there is a smooth approach to the same value, obtaining a slightly
ey as ;
different response, slower but without overshoot.
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The GPC control law can also be caleulated without the use of the Dio-
phantine equation,

To obtain the control law it is necessary to know matrix G and the free
response f, to compute u — (G7G 4 \I)"1GT(w — f). Malrix G is composed
of the plant step response coefficients, so that the elements of the first column
of this matrix are the first &' coefficients, that can be computed as

K i1
0 ==Y wg i+ biwith g =0 Yk<0

=1 =t}
where b, and a; are the parameters of the numerator and denominator of the
transfer function.

Therefore, as the prediction horizon is 33A=1-08tand B =04+
06271
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gy = by = 0.4
g1 = —mgy + by + by = 1.32

g2 = —aygy — aagn — azge +bo Hb = 2.056

ad the matrix is given by

04 0 0
G=|132 04 0
2.056 1.32 0.4
which logically coincides with the one obtained by the previous method.
The free response can also be calculated without the use of the Diophan-
tine equation, just noting that it is the response of the plant assuming that
future controls equal the previous control uft — 1) and that the disturbance
is constant. Thus, using the transfer function
y(t) = 0.By(t — 1) + 0.4uft — 1) + 0.6u(t — 2)
y(t+ 1) = 0.8y(t) +0 dufty + 0.6u(t — 1)

If both equations are added and y(t + 1) is extracted
ylt + 1) = LBy(1) — 0.8yt — 1)+ 0.4 Aw(f) +0.6 Hulf —1)
Now, considering that in the free response only the control increments before
instant t appear:
Fie41) = 1.8y(t) = 0.8y(t — 1) +0.6 Sult — 1)
Flt+2) = LEf(t+ 1) — 0.8y(t) = 2.44y(t) — 1.4dy(t — 1) + 1.08 A uit

Flt+3)=18f(t+2) —0.8f(t +1)
— 2.952y(t) — 1.952y(t — 1) + 1.464 A u(t — 1)

1)

o

Vector f obtained this way is the same as the one previously obtained, so
the control law is the one given by Equation (4.14).
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