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B=B'B"
where,

B " = Monic Stable Polynomial with well damped roots
B ~ = Unstable or poorly damped roots
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EXAMPLE 3.1  Model-following with zero cancellation
Consider a continuous-time process described by the transfer function

1
G(s) = - —
() sls + 1)
This can be regarded as a normalized model for a motor. The pulse transfer
operator for the sampling period k = 0.5 s is
Hiq) = Blg) _  bog+bi _ 01065g +0.0902
D= Aq) T Fragras  g* - 1.6065q + 0.6065
We have deg A = 2 and deg B = 1. The design procedure thus gives a first-
order controller, and the closed-loop system will be of third order. The sampled
data system has a zero in —0.84 and poles in 1 and 0.61. Let the desired
closed-loop system be
Bulq) _ bmog _ 0.1761q (3.18)
Anlq)  q® +amq+anz  g* - 1.3205g + 0.4966 '
This corresponds to a natural frequency of 1 rad/s and a relative damping
of 0.7. Parameter b, is chosen so that the static gain is unity. This model
satisfies the compatibility conditions because it has the same pole excess as
the process and the process zero is stable although poorly damped. To apply
the design procedure in Algorithm 3.1, we first factor the polynomial B, and

(3.16)

(3.17)

we obtain
B'(q) = q+bi/bs
B (g) = bo
B;,(q) = biog/bo

Since the process is of second order, the polynomials R, S, and T will all be of
first order. Polynomial R’ is thus of degree zero. Since the polynomial is monic,

we have R’ = 1. Since deg B* = 1, it follows from the compatibility conditions
that deg A, = 0. Choose

An(ﬂ.” =1
The Diophantine equation (3.11} then becomes

2

(¢° +a1q + az) - 1+ bo(soq + 51) = g° + @u1q + @me

Equating coefficients of equal power of ¢ gives
ay + basg =
as + I-')U\"-"I = 2

These equations can be solved if by # 0. The solution is

8p = e8| aq
0= by
g = Gz — Ay
by
The controller is thus characterized by the polynomials
Rig)=B* =g+
bo
S(q) = s0q + 51
b ¥
T(g) = A.B,, = }:Uq a
0
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EXAMPLE3.2  Model-following without zero cancellation

Consider the same process as in Example 3,1, but use a control design in which
there is no cancellation of the process zero. Since the process is of second order,
the minimum-degree solution has polynomials R, S, and T of first order and
the closed-loop system will be of third order. Since no zero is canceled, it follows
from the compatibility condition in Algorithm 3.1 that degAy = 1. Since no
process zeros are canceled, we have

B =1
B =B=byg+h

1t also follows from the compatibility conditions that the model must have the
same zero as the process. The desired closed-loop transfer operator is thus

bog +b bug + b,
Hm {q} _ ﬁ , iy 1 = : mi ] nl
q° + g + 2 G+ apg +ap

where byo = by and
B - 1+ amy + a2
by + by
which gives unit steady state gain. The Diophantine equation (3.4) becomes
(¢* +aig +az)(q+r1)+ (bog + b1)(soq + 51) = (§° + am1q + ame)(q +a,) (3.19)
Putting g = —b1/bg and solving for rq, we get
.o ﬂ + (bf —_Flmlb[:bw +ﬂmzbg)(jb1 + aoby)
YT b bo(b? — a1byby + a;b?)

_ Gylnzbj + (a2 — @ — @408m1)boby + (@ + @my — a1)b}
bi — albobl +azbﬁ

Notice that the denominator is zero if polynomials A(g) and B(g) have a
common factor. Equating coefficients of terms g° and ¢° in Eq. (3.19) gives

(3.20)

o = By (ot — Gy — @1 @1 + @5 + Gz — €18,)

= - 1% 1 i T
bi —aybpby +azb[3,

 bolamaz — aras — agaps + ayay)

b3 — ayboby + uzb}

3.21)
g = b](_ﬂwﬂz — U1y + Qollyp = Qe03) ¢
! b? — arhoby + azb?
" j‘ig(f_t_zﬂmz ‘:‘5 @y _'f'__anu‘zaml)
b% — arboby + asb;
Furthermore, it follows from Eq. (3.12) that
T(g) = PAG) = Bla + ) o
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EXAMPLE 34  Indirect self-tuner with cancellation of process zero

Let the process be the same as in Example 3.1 and assume that the process
zero is canceled. The specifications are the same as in Example 3.1, that is,
to obtain a closed-loop characteristic polynomial A,,. The parameters of the
model

y{t) +ary(t — 1) + aay(t — 2) = boult — 1) + buull - 2)

1]
1] [’ ¥
-1
[} 20 40 60 80 100
Time
u
2
0 »
-2
-4
k T T T T r
0 20 40 60 80 100
Time

Figure 3.4 Output and input in using an indirect self-tuning regulator to
control the system in Example 3.1. Notice the “ringing” in the control signal
due to cancellation of the zero at —0.84.

b Jto®

T T
10 15 20

Time
T — T
o 15 20
Time

Figure 3.5 Parameter estimates corresponding to the simulation in Fig. 3.4.
The true parameters are shown by dashed lines.

which has the same structure as Eq. {3.17), are estimated by using the least-
squares algorithm. Algorithm 3.2 is used for the self-tuning regulator. The
waleulations, which were done in Example 3.1, give the contrel law

wlt) + ret = 1) = towe(t) — soxft) —siy(e = 1)

10/18/2010
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hme ¢ = 5. The estimates obtained at time ¢ = 100 are
i,(100) = ~160 (~16085)  by(100) = 0.107 (0.1065)
a,(100) = 0.60 (0.6065) by(100) = 0,092 (0.0902)

These values are quite close to the true values, which are given in parentheses.

The controller parameters obtained at time ¢ = 100 are

11(100) = 0.85 (08467)  1o(100) = 165 (16531)

2(100) = 264 (26852)  s(100) = 099 (-10321)

EXAMPLE 3.5  Indirect self-tuner without cancellation of process zero
“onsider the same process as in Example 3.4, but use a control design
in which there is no cancellation of the process zero. The parameters are
estimated in the same way as in Example 3.4, but the control law is now
computed as in Example 3.2 Polynomial A, is of first order. As in the previous
examples the initial transient depends critically on the initial state of the

14
0 u, ¥
~1
T T T T —r=
0 20 40 60 80 100
Time
2 N
0 “‘fﬁ
-2
-4
— T T T T T
o 20 40 60 80 100
Time

Figure 3.6 Same asin Fig. 3.4 but without cancellation of the process zero.
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Figure 3.7 Parameter estimates corresponding to the simulation in Fig. 3.6.
The true parameter values are indicated by dashed lines.

recursive estimator. For the design calculation it must be required that initial
values are chosen so that polynomials A and B do not have a common factor.
In this case the initial estimates were chosen to be @1(0) = @2(0) = 0, ba(0) =
0.01, and 6;(0) = 0.2. The P-matrix was initialized as a diagonal matrix with
P(1.1) = P(2.2) = 100 and P(3,3) = P(4. 4) = 1 as in Example 3.4. Figure 3.6
shows results of a simulation of the direct algorithm with a, = 0. Notice that
the behavior of the process output is quite similar to that in Fig. 3.4 but that
there is no “ringing” in the control signal. The parameter estimates are shown
in Fig. 3.7. The values obtained at time ¢ = 100 are

@ (100) = —1.57 (—1.6065) b0 (100) = 0.092 (0.1065)
a2(100) = 0.57 (0.6065) 5:(100) = 0.112 {0.0902)

The true values are given in parentheses. The controller parameters at time
& = 100 are

r1{100) = 0.114 (0.1111) ta(100) =  0.86 (0.8951)
50(100) = 1.44 (1.6422) s1(100) = —0.58 (—0.7471)

There is very little excitation of the system in the periods when the output
and the control signals are constant. This explains the steplike behavior of the
estimates.

It may seem surprising that the controller already gives the correct steady-
state value at time ¢ = 20 when the parameter estimates differ so much from
their correct values. The controller parameters are

r1(20) = 0.090 (0.1111) t(20) = 0.83 (0.8951)
50(20) = 113 (1.6422) $(20) = —0.29 (—0.747T1)
Since the process has integral action, we have A(1) = 0. It then follows from
Eq. (3.3) that the statie gain from command signal to output is
BMT(1) _ T
A(L)R(1) + B(1)S(1)  8(1)

To obtain the correct steady-state value, it is thus sufficient that the controller

parameters are such that S(1) = T(1), which in the special case is the same

as &y = sg + s1. When no poles are canceled, it follows from Eq. (3.12) that
An(1)

T(1) = A,(1)BL,(1) = Ao“)m

where B is the estimated B polynomial. Hence

T() | AWAL)

Sy B(LS(1)
where the last equality follows from Eq. (3.11). Notice that we have A({1) = 0.
We thus obtain the rather surprising conclusion that the adaptive controller
in this case will automatically have parameters such that there will be no
steady-state error. n]

10/18/2010
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degA, =degA —degB -1, and B ~ = constant=b,
= AALY (1) =b(Ru(t)+Sy(t))
=Ru(t)+Sy (t)

All zeros cancelled: B =q“A_ (1) isagood choice. Let

O=[ro 1, . 1 Sy 8]

pt)=[u(t)-ut-1)y@)-yt-1)]
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S e AL alia (A A ) AS (SS as A S

Sy s ©
:»y(t)=A1 (Rut)+Sy (1) =R, (t ~d)+S "y, (t ~d,)
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U )= L u(t)
A @A@Y

yit)=——————Y ()
A @HAR@E™Y)
and, d, =degA —degB ,degR =degS =deg(A,A,)-d, =1
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EXAMPLE 37 Direct self-tuner with d; = 1

Consider the system in Example 3.1. Since degA = 9 and degB = |,
we have degA, = 2 and degA, = 0. Hence Ay = 1, and we will choose
B = qAn(1). Equation (3.29) in Algorithm 3.3 then gives T = qd,, (1), The
controller steucture is given by degR = degS = dogT = degA 1 = 1. The
model given by Eq. (3.27) therefore hecomes

ME) = roup(t = 1) + rag{t - 2) + oYy (t = 1) + syt ~ 2) {8.30)

where
Ue(t) + amattp(t = 1) + agup(f - 2) = alt)

YA+ i dplt = 1) 4 Ayt - 2) = (1)

It is now straightforward to obtain a direct self-tuner by applying Algo-
rithm 3.3, The parameters of the model given by Eq. (3.30) are thus estimafed,
and the control signal is then computed from

Fou(t) + Fudt ~ 1) = dou, () = $oy{t) = Syt - 1)

where Fy, 71, 5, and §; are the estimates obtained and fy is given by Eq. (3.29),
that 1s,

to =14 ay +ayy

s Jto o

il 20 a0 a0 50

T
100
Time

Figure 3,10 Command signal ., protess output _v,_amd cqntrul signal u
when the process given by Eq. {3.16) is controlled by using a direct self.tuner

with dy = 1. Compare with Fig. 3.4.

10/18/2010
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Figure 3.11 Parameter estimates corresponding to the simulation shown
in Fig. 3.10: 7 /7, (solid line), &y/#y {dashed line), &/, (dash-dot line), §,/F,
(dotted line),

Notice that the estimate of ry must be different from zero for the controller to
be causal.

Figure 3.10 shows the process inputs and outputs in a simulation of the
direct algorithm, and Fig. 3.11 shows the parameter estimates. The initial
transient depends strongly on the initial conditions. At ¢ = 100 the controller
parameters are

;‘Eigg; - 0.850 (0.8467) i"(égg}] =165 (16531)
0 1]
40(100) §1(100)
= | A e Z1nny 71‘ o :
Fa(100) - 268 (26853) Fo(100) o ey

The controller parameters are divided by 7 to make a direct comparison with
Examples 3.1 and 3.3. The correct values are given in parentheses. A compar-
ison of Fig. 3.4 and Fig. 3.10 shows that the direct and indirect algorithms
have very similar behavior. The limiting control law is the same in both cases.
There is “ringing” in the control signal because of the cancellation of the pro-
cess zero. o

EXAMPLE 38  Direct self-tuner with dp = 2

In the derivation of the direct algorithm the parameter dj, was the pole excess
of the plant. Assume for a moment that we do not know the value of dy and that
we treat it as a design parameter instead. Figure 3.12 shows a simulation of
the direct algorithm used in Example 3.7 but with dy = 2 instead of dy = 1. All

0 ., ¥
-1
L —_——— r —r T T
i 20 0 60 80 100
Time
2 .,
: v o
-2
4 . : —
O 20 40 60 80 100
Time

Figure 3,12 Command signal «,, process output y, and control signal «
when the process described by Eq. (3.16) is controlled with a direct self-tuner
with dy = 2.

10/18/2010
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the other parameters are the same. Notice that the behavior of the system is
quite reasonable without any “ringing” in the control signal. Figure 3.13 shows
the parameter estimates. The estimates obtained at time + = 100 correspond
to the controller parameters

F(100) §9(100) §1(100) i{100)

= 0337 = LU o = 06T e 5 052
7o(100) ro(100) ro{100) Fol100)

e
imm ek

L R

[
Sa/Fy

ryfry 8 iy

T
] 5 10 15 20
Time

Figare 3.13 Parameter esiimates corresponding to Fig. 3.12: fi /7, (solid
line}, fyfF, {dashed line), &/, (dash-dot line), §/7, (dotsed Yine).
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\ /

10/18/2010

21



3 o (o0 jaf (6l ot (6 pafimme STR iy j9XJ1 ¢

ool vV
A, B,, A,add,

m

N e85V
y@)=Ru, (t-d,)+S"y, ¢ —d,) andRLS =6

'S 3RS -G 9 R o Jlaxl sla,gmSl Bis Y (5 V
J* * - * * : /\/
Ru=Tu-Sy, (T =AB,) Y el

(S0 p gl ploj o 5 Sl ye S5

S e (58 b e J S ) 5
BT PESRTE S U SR WRPLL Y L RE-NESE GPVO SR
@Lo)dlwwm\”@ °

BB,
t)=—o"u,
Yn(®) A u(t)

Lﬁ,e:y _ym

=() =:—An (Ru®)+Sy ©)-Tu ) =R U, (¢ ~d)+S"y; (¢ -dp)-T Uy ()

/

10/18/2010

22



3 o (o0 jaf (S ot (613 (S ) STR 0 5951

ool vV

N e85V
Ay (t)=Bu(t) andRLS =
3551 B3> 5l § SR e § s R elolis ¥ o5V
S yina

A,@, ¥ 5V
R:T — ) :0 ’0:—
u=Tu.-Sy, (T=tAt B(]))

(S0 p ged loy o 5 Sl ye S5

L3 gy, olulllY ) ass e
‘:bo)Lg‘wqu:uY@ °

Let €=y Y

:e¢)=% RIOHSYD)-t410) =8 R (-c)+S'y, ()1, ¢ -b)

10/18/2010

23



voLm.».C el dluo ®

slazél gildas 5 Salss V7
Re g ohlaxel vV
ool Jlww S v

EXAMPLE 3.9 Effect of Load Disturbances
Consider the system in Example 3.5, that is, an indirect self-tuning regulator
with no zero cancellation. We will now make a simulation that is identical to
the one shown in Fig. 3.6 except that the load disturbance will be v{¢) = 0.5 for
t 2 40. A forgetting factor 2 = 0.98 has also been introduced; otherwise, the
conditions are identical to those in Example 3.5. The behavior of the system
is shown in Fig. 3.14. Compare Fig. 3.14 with Fig. 3.6. Figure 3.14 shows that
a load disturbance may be disastrous. 1t follows from the discussion in Exam-
ple 3.5 that the correct steady-state value will always be reached provided that

0 20 A0 60 80 100
Time

- . T T — ——
0 20 49 60 B0 190
Time

Figure 3,14 Output and control signal when for a system with an indirect
self-tuner without zere canceling when there is a load disturbance in the form
of a step at the process input at time t = 40,

10/18/2010
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T T T T T
] 20 40 60 80 100
Time

Figure 3.15 Parameter estimates corresponding to Fig. 3.14.

the steps are sufficiently long. Notice that the response is strongly asymmetrie.
The reason for this is that the controller parameters change rapidly when the
control signal changes; see Fig. 3.15, which shows the parameter estimates.
Rapid changes of the estimates in response to command signals indicates that
the model structure is not correct. The parameter estimates also change sig-
nificantly at the step in the load disturbance. When the command signal is
constant, the parameters appear to settle at constant values that are far from
the true parameters. [m]
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described. To do this, we consider the same system as in Example 3.5 where
the controller was defined by

Rl=gir 8" =sq+s

The closed-loop characteristic polynomial A, has degree three. To obtain a
controller with integral action, the order of the closed-loop system is increased
by introducing an extra closed-loop pole at ¢ = ~x = 0. It then follows from
Eq. (3.41) that

1+r

by + by
Hence X = g and ¥ = y, and Fqgs. (3.39) now give

Yo =

R =qlg+r1) + yalbog + b1) = (g - 1)(g - bryo)
S = glsoq +51) = yolg* + a1q + a3) = (s - yo)a® + (5, - @1y0)q = azyo
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Figure 3.16 Output and control signal with an indirect self-tuner with
integral action and a modified estimator.

The estimates are based on the model (3.42) with 4, = q -1 to reduce the
effects of the disturbances. Figure 3.16 shows a simulation corresponding to
Fig. 3.14 with the modified self-tuning regulator. A comparison with Fig. 3.14
shows & significant improvement. The load disturbance is reduced quickly.
Because of the integral action the control will decrease with a magnitutie
corresponding to the load disturbance shortly after ¢+ = 40. The parameter

-2 T T T T T
2 40 60 80 101
! * Time
i
0.1 :E\,__f R e ———
’:I]
0.0 ' T —=
0 20 10 60 80 100
Time

Figure 3.17 Parameter estimates corresponding to Fig. 3.16.

estimates are shown in Fig. 3.17, which indicates the advantages in using t}}e
modified estimator. Notice in particular that there is a very small change in
the estimates when the load disturbance occurs. [u]
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PRESSURE CONTROL SYSTEM
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