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EXAMPLE 41  Modification of the polynomial C

Consider the polynomial
Ciz)=2z+2

which has the zero z = -2 outside the unit disc. Consider the signal
u(t) = Clgle(t)
where {e(t)} is a sequence of uncorrelated random variables with zero mean
and unit variance. The spectral density of v is given by
1 .
(b(eemh) - % C (erm.‘a)c (Efm.'h )

Because
CCE") = (z+2)(zt +2) = (1+2:7Y(1 +22)
=(22+1)(2271 + 1)
= 4(z + 0.5)(z"" + 0.5)

the signal v may also be represented as

v(t) = C'igle(t)

where
C'(z)=2z+1

is the reciprocal of the polynomial C(z) (see Section 3.2). m]
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EXAMPLE 42 Minimum-variance control of a first-order system
Consider the first-order system

y(t + 1) + ay(t) = bult) + et + 1) + ce(?) (4.4)

where |c| < 1 and {e(t)} is a sequence of independent random variables with
unit variance.

Consider the output at time ¢ + 1. From (4.4) it follows that by using u()
it is possible to change y(¢ + 1) arbitrarily. Further, e(¢ + 1) is independent of
v(¢) and u(t); thus

vary(t+1) = vare(t +1) = 1

Given measurements up to time ¢, we can use Eq. (4.4) to compute e(t). The

controller
_aylt) —cet)

ut) A (4.5)
gives
y(it+ 1) =e(t+1) (4.6)
which gives the lower bound of the variance of y. If Eq. (4.5) is used all the
time, then from Eq. (4.6}, it follows that y(¢) = e(¢), and we get the controller
a-—c
ult) = () (7

u}
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Figure 4.1 Minimum variance control is based on prediction d,, steps ahead.
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B(d)=B"(@)B ()
q°'B'C=AR+BS =S,R ,R=B'R,
S
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Let, u)=-2y®
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EXAMPLE 4.3 Moving-average controller
Consider the system (4.1} with
Alg) = ¢* +a1g + az
B{g) = bog + by
Clq) =q* +c1qg +c2

In this case, dy = 1. The minimum-variance controller is obtained from
Eq. (4.9), giving the controller

. S e 1
R TR e

and the closed-loop system is
y(£) = e(t)
The minimum-variance controller can be used only if |b,/bo| < 1, that is, for
the minimum-phase case.
The moving-average controller is obtained by solving Eq. (4.18). In this
case, d = 2 and B*(g) = 1. This gives the Diophantine equation

q(q” + c1q + c2) = (¢° + arq + as)(g + 71) + (bog + b1)(soq + s1)

Notice that this is the same as Eq. (3.19) with A,(g¢) = ¢ and Anlg) = C(g).
The solution is thus given by Eqgs. (3.20) and (3.21):

s (@2 — c2)boby + (e1 — @1)b?

1 = — 5 N T

bY + ai1boby + azb?
s bi(af —as — cias + e3) + byleraz — aiaz)
so = —1 —2 _ZI71 = TAEES
bT + a1bob; + ayb?

s bilaras — cias) + bylascy — a2)

| = LTz T O LT 0o T dy)

bY + a1bob; + asb?
The closed-loop system is
»() = (1 +rig e() =
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EXAMPLE 44  Stochastic indirect self-tuning regulator
Consider the process (4.4) in Example 4.2 with ¢ = —0.9,h = 3, and ¢ = —0.3.
The minimum-variance controller is given hy the proportional controller

Sy = —spy(t) = ~0.2y(¢t)

ult) =
This gives the closed-loop system

y(t) = e(t)

The ELS method is used to estimate the unknown parameters a.b, and ¢. The
estimates are obtained from Eq. (2.21) with

0" = (a b c]
pT(t-1) = [fy(a‘— 1) w(t-1) e(t-1) ]
e(t) = y(t) - " (.~ DBt 1)
The controller is

(t) - ét)

u(t) = = AP
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Figure 4.2 Output and input when an indirect self-tuning regulator based
on minimum-variance control is used to control the system in Example 4.4.

Figure 4.2 shows the result of a simulation of the algorithm. The initial values
in the simulation are

am =0
b0y =1
é0) =0
P{0) = 1001

Figure 4.3 shows the accumulated loss

1
Vi) = 350
i=1

600
400
Self-tuning control _
. =
- e . .
200 Minimum variance control
0 T T T T T
0 100 200 300 400 500

Time

Fig"ure 4.3 The accumulated loss when a self-tuning regulator and the
optimal minimum-variance controller are used on the system in Example 4.4,
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Figure 4.5 The controller parameter §,(t) when the system in Example 4.4
is controlled. The dashed line is the optimal parameter for the minimum-
variance controller.

s paiiog sle o3 WS, @
MV Control:  y(t+d,)=Fe(t +1)+qIC3:—Fu(t)+%y(t)

4

y(t+d,) :C—l*[R*u(t)+S*y (t)]+Re( +d.)

|

R, =F",degR, =d, -1

13



Also, q°*B'C =AR +BS

AR BS
:>y(t+d)=B+C y(t)+B+C y(t)

R
B'C

[Bu(t)+Ce(t)]+%Sy (t)

B- R
:?[sy(t)+Ru(t)]+?e(t)

d

y(t+d) =i—j[R*u(t) +Sy()]+Re(t+d)

/ \
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y(t+d)=R" @, ©)+S @y, )+t +d)
where,
R'@Y=r+rg ™ +--+rq™

S*(qil) =S, +51q71+' : ""S|CrI

and

Q@) Q@)
ue (t)= F,*(q,l)U(t),yf t)= P y(t)
RLSisused with:

£t)=y©)-R @), ¢ -d)-S @y, t-d) =y ®)-4 ¢ -d)ot -1
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EXAMPLE 45  Direct minimum-variance self-tuning regulator
Consider the same process as in Example 4.4. The process model of Eq. (4.23)
is now
y(t+ 1) = rouf(t) +soy(t) + €t + 1)

It is assumed that ro is fixed to the value 7o = 1. Notice that this is different
from the true value, which is 3. The parameter s, is estimated by using the
least-squares method. The control law becomes

u(t) = —i—zy(n

Figure 4.6 shows §g/fo, which is seen to converge rapidly to a value corre-
sponding to the value of the optimal minimum-variance controller, even if 7y is
not equal to its true value. This is also seen in Fig. 4.7, which shows the loss
function when the self-tuner and the optimal minimum-variance controller are

used. Compare Figs. 4.3 and 4.5. [m}
1.5
1.0
0.5 So/Fo
0.0 T T T T T
0 100 200 300 400 500
Time

Figure 4.6 The parameter §/f, in the controller, when the process in
Example 4.5 is controlled by using the direct minimum-variance self-tuning
controller.

600
400
Self-tuning control __
- T . .
200 Minimum variance control
0 T T T T T
0 100 200 300 400 500

Time

Figure 4.7 The loss function when the direct self-tuning regulator and the
optimal minimum-variance controller are used on the system in Example 4.5.
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EXAMPLE 46 MA control of a nonminimum-phase system
Consider an integrator with a time delay 7. For the sampling period & > T the
system is described by
Alg) =qlg-1)
Blg)=(h-t)g+7=(h-1)(g+b)

where .
b= — and d() =1
h-1

The noise is assumed to be characterized by

Clg) =qlg+c) e| <1

The sampled-data system is nonminimum-phase if 7 > /2. This implies that
the basic minimum-variance self-tuner can be used only if 7 < #/2. Let the

controller have the structure

wu(t) = =&o(2)y(e) = Fr(thult - 1)

Simulations of the system are shown in Fig. 48 for h = 1 and ¢ = —0.8.
The time delay is initially 0.4 and is increased to 0.6 at time ¢ = 100, at
which time the sampled-data system gets a zero outside the unit circle. Figure
4.8(a) shows the results obtained with d = 1, the minimum-variance structure.
The parameters first converge toward the minimum-variance controller. At
t = 100 the sampled-data system gets a zero outside the unit circle. The
self-tuning regulator then tries to cancel the zero, and the closed-loop system
becomes unstable after some time. It does not become unstable exactly at
t = 100 because it takes a while for the controller parameters to change.
The control signal is limited to +20, which explains why the signals do not
grow exponentially. The forgetting factor is 1 = 0.99. Figure 4.8(b) shows the
results for the algorithm with d = 2. The moving-average controller is a stable
equilibrium for both 7 = 0.4 and 7 = 0.6. There will be a shift in the parameter
values when the delay is changed, but the closed-loop system is stable.

The controller that gives the smallest attainable variance of the output
gives the standard deviations 1.000 and 1.004 when 7 = 0.4 and 0.6, respec-
tively, while the moving-average controller gives the standard deviations 1.003
and 1.007 when 7 = 0.4 and 0.6, respectively. Degradation in the performance
when the moving-average controller is used in this example is thus minor. O
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Figure 4.8 Simulation of the self-tuning algorithm on the integrator with
time delay in Example 4.6. At ¢t = 100 the delay is changed from 0.4 to 0.6.
fajd =1;(b)d = 2.
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System Model:

Ay (t)=q *Bu(t)+Ce(t)
= y(t+k):%u(t)+%e(t+k)
Let,

-(k-1)

F=1+fg*+---f, g
G=0,+00 ' +0,0q "
n, =max(n, -1,n, —k)
Where,
C =AF+q~G *)
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y(t) =2yt -1 +2u(t—2)+e(t) +0.5e(t 1)
where o, =2, we have
(1+059")=(1-297")(1+ f,g™)+q g,

= f,=2509,=5

The MVcontrol is:

5
U(t) = —m y(t) = U(t) = —25y(t) -2.5u (t —1)

C-L system:
y(t) =e(t)+ 2.5t -1) = J_ = 2[1+ (2.5)2} ~14.5
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(1+059%)=(1-297")(1-q*)(1+ f,g ™) +a (g, + 0,0 7")
= f,=350,=850,=-7

C-L system:

y(t) = AFe(t) = e(t) + 2.5e(t —1) — 3.5(t — 2)

= var y(t) = 2| 1+(2.5)" +(35)" | =39

* Detuned MV Control

Cost Function: J=E[(y (t+k))?]

Cost Function Minimization = u (t) :—S—Fy(t)
Where, CT =FA+q~"G

Sy -re®

= 777?
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Where, / ke
AF +q —k BG :CB * Stable Zeros of B +

Inverse of Unstable Zeros of B

and
FO=Ln, =n,+k -Ln, =n, -1
C-L System:

F G
yO)=g=e®), ult)=--=e®)

Jio Sy 0

yt)=2y(t-D+u(t—2)+2u(t—3)+e(t)

we have

B'(q")=1+0.5q"

= (1+0.507) =(1-297)(1+ f,a '+ £,07°)+ g (1+297) g,
= f=f,=25¢g,=25

The MV control is:

u(t) =-2.5y(t)-2.5u(t-1)—-2.5u(t-2)

C-L system:

y(t) =-05y(t -1 +e(t) +2.5e(t —1) + 2.5e(t — 2)

= vary(t)=115
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Added Feed Foverd *Q =PB +QA (NewSgemZercs)
Quput Filtaing P
St-RirtAlteing R

SdemEein+pEQion= At +k)=——— +QAu(t)+—e(t+k) —Rr(t)
Gt Fndior  J=E[#(t +k)]
PS5 0l (oo e S0 90 0 1 it +K) S asilen
PC =EA +q~*
Where, P(0)=1 and
E=1+egq ' +---+e 0
G =1+ glq’l+---+gngq‘ng ,n, =max(n, -L,n, +n, —k)

-(k-1)

S 0SS ax g

E(Ay(t+k)=Bu(t)+Cef(t +k))

=[PC —q *G]y(t+k)=EBu(t)+ECe(t +k)

= PCy(t+k)=EBu(t)+Gy(t)+ECe(t +k)
=C[Py(t+k)+Qu(t)—Rr(t)]=(BE +QC)u(t)+Gy (t)-CRr(t)+CEe(t +k)

= gt +k)=C£[(BE +QC)u(t)+Gy (t)~CRr (t)] + Ee(t +k)

a2l sho wb MV s ol

— [BE +QC Ju(t) = -Gy (t) + CRr (t)
= FU+0y O +Hr()=0 ————f "7

W here,
F =BE +QC
H =-CR
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C-L System:
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1amd S5 ) 3le (2gy5 1) p5 Y
$(t)=Py (t)+Qu(t —k)-Rr(t -k)
RLS L o yel,b e ¥ a8 v/
#t)=Fut —k)+Gy (t —k)+Hr(t —k)+6(t)
S JUiSs dlne ¥ o5V

Fu(t)=-Cy (t)-Hr(t)
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